In this paper, we study a class of generalized fractional order three-point boundary value problems that involve fractional derivative defined in terms of weight and scale functions. Using several fixed point theorems, the existence and uniqueness results are obtained.
Introduction
Fractional calculus is the subject of studying fractional integrals and fractional derivatives, which means that the orders of integration and differentiation are not integers but non-integers, and even complex numbers. The history of fractional calculus is more than three hundreds years. However, only in the recent forty years, it was realized that these fractional integrals and derivatives may have many potential applications. Fractional differential equation is a differential equation which involves fractional derivatives, and it has been successfully used to model many real-world phenomena such as heat conduction [] , diffusion process [] , and quantum mechanics [] . More applications can be seen in [] , Chapter .
Fractional boundary value problems (FBVPs) appear in many of these applications. In recent twenty years, considerable work has been done in the field of FBVPs. To verify the existence result of a solution and to study the behavior of the solution of FBVPs have become more and more popular. There are several methods to verify the existence of FBVPs, in which the topological degree method is one of the most effective techniques. By using the fixed point theorems, FBVPs with different types of boundary conditions have been studied. More specifically, in [] , the existence and multiplicity of positive solutions for a nonlinear FBVP with two-point boundary condition are studied. In [] , the existence of solutions for a class of three-point FBVPs involving nonlinear impulsive fractional differential equations is considered. In [], the existence and uniqueness of solutions for a four-point nonlocal FBVP are derived. In [] , the positive solution of FBVP with integral boundary condition is obtained. In [], the existence theory of FBVP with anti-periodic boundary condition is discussed. Furthermore, for the existence results of FBVPs with some mixed-type boundary conditions, the readers are referred to [-] and the references therein.
The literature above only focuses on the FBVP with classical fractional derivatives, i.e., Riemann-Liouville or Caputo derivatives. Fractional derivative also has some limit, since it can be regarded as a convolution between a function and a fractional power kernel. The fractional power kernel puts much weight in the present and less weight in the past, which causes the nice property of fractional derivative called nonlocal property or short memory property. The short memory property is very effective in modeling some physical processes such as diffusion phenomenon in material with memory. However, some real-world phenomena cannot be modeled by such a fractional power kernel properly. For example, an old man and a child have different memory ability. The old man may remember things that happened several decades ago, but forget what happened yesterday. The child has an opposite ability, i.e., he may have no idea about things that happened in his early years, but remember almost everything in the recent week. To model this phenomenon, we need different kernels to weight the function differently. Hence in , a new class of generalized fractional integrals and derivatives defined by using a weight function and a scale function was introduced in [] . The new fractional operators contain many existing fractional integrals and derivatives as special cases. It is shown that many integral equations can be written and solved in an elegant way using the new operators. Therefore, using different weight functions and scale functions, many fractional problems are significantly generalized. It is also possible that the new generalized fractional integrals and derivatives will bring some interest in the near future, although the theoretical study and applications of them are in the very first stage right now.
Motivated by [] , in this present paper, we consider the following three-point FBVP:
where p ∈ (, ), and γ is a positive constant.
is the generalized fractional derivative of function u with respect to t, and its definition is given in the next section. f is a continuous function satisfying lim |u|→+∞ f (t, u) = , and u ∈ X, f : [, ] × X → X. Here (X, · ) is a Banach space and C = C([, ], X) denotes the Banach space of all continuous functions from [, ] to X equipped with a topology of uniform convergence with the norm denoted by · . Next, we will apply some fixed point theorems to study the existence and uniqueness results of this generalized fractional boundary value problem.
Definition  ([])
The left-sided generalized fractional integral of order α >  of a function u(t), with respect to a scale function z(t) and a weight function w(t), is defined as
provided the integral exists.
Definition  ([]) The left-sided generalized derivative of order  of a function u(t), with respect to a scale function z(t) and a weight function w(t), is defined as
provided the right-hand side of equation is finite.
Definition  ([])
The left-sided generalized fractional derivative of order m of a function u(t), with respect to a scale function z(t) and a weight function w(t), is defined as
provided the right-hand side of equation is finite, where m is a positive integer.
Definition  ([]) The left-sided Caputo type generalized fractional derivative of order α >  of a function u(t), with respect to a scale function z(t) and a weight function w(t), is defined as
provided the right-hand side of equation is finite, where m - < α < m, and m is a positive integer. Specifically, for
Moreover, for z(t) = t and w(t) = , the generalized fractional derivative reduces to the Caputo fractional derivative as
In the above definitions, we only present the 'left-sided' sense of generalized fractional integrals and derivatives. The 'right-sided' sense of generalized fractional integrals and derivatives and their properties are discussed in []. We will not repeat them here since the derivative we use in this paper is defined in the left-sided sense. For simplicity, in what follows, we remove the term '[z; w]' from the subscript in equation ().
Remark  To be more specific, we assume that the weight function is positive and the scale function z(t) is monotone increasing over [, ]. Moreover, both w(t) and z(t) are continuously differentiable.
Remark  Indeed, the generalized fractional derivatives have extended the classical Caputo fractional derivative. For example, 
Let us consider the following generalized fractional boundary value problem:
where σ is a sufficiently smooth function, p ∈ (, ).
To solve problem (), we have the following lemma.
Lemma  Assume that z(t) is strictly monotone increasing and w(t) is positive on [, ], and
then the solution of problem () is given as
where
where . Hence, problem () is transformed to
Finally, it suffices to verify that () is solvable under assumptions in Remark . According to [] , Section ., the general solution of equation () is
which implies
Imposing the initial and boundary conditions on equation () gives
and
Now we can solve equations () and () to get C  and C  . Since L := γ
is the determinant of the coefficient matrix of equations () and (), when L = , equations () and () have a unique nonzero solution. This completes the proof.
The following theorems play important roles in studying the existence and uniqueness of fractional boundary value problems.
Theorem  (Contraction mapping principle, see []) Let E be a Banach space, D ⊂ E be closed, and F : D → D be a strict contraction, i.e., |Fx -Fy| ≤ k|x -y| for some k ∈ (, ) and all x, y ∈ D. Then F has a unique fixed point x
* . Furthermore, the successive approximations x n+ = Fx n = F n x  , starting at any x  ∈ D, converge to x * and satisfy |x n - 
Then T has a fixed point in¯ .

Theorem  (Krasnosel'skii, see []) Let M be a closed convex and nonempty subset of a Banach space X. Let A and B be two operators such that:
(H) Ax + By ∈ M, wherever x, y ∈ M; (H) A is compact and continuous; and (H) B is a contraction mapping.
Then there exists z
* ∈ M such that z * = Az * + Bz * .
Main results
In this section, we present some existence results of boundary value problem (). Let C = C([, ], R) denote the Banach space of all continuous functions mapping [, ] to R equipped with the norm defined by u = sup ≤t≤ {|u(t)|}. Define the operator T : C → C as
where  < p < ,  < t < . If the operator T : C → C defined by equation () has a fixed point, then the fixed point coincides with the solution of fractional boundary problem (). In what follows, we prove the complete continuity property of operator T.
Lemma  The operator T : C → C defined by equation () is completely continuous.
Proof Let ⊂ C be a bounded set, then for any t ∈ [, ] and u ∈ , since f (t, u) is con-
where w max = max ≤t≤ {w(t)}, w min = min ≤t≤ {w(t)}, and L  is a positive constant. Equation () implies that Tu ≤ L  . Moreover, for the derivative of T, we have
are constants, i.e., L  + L  = , and w max , z max indicate the maximum values of the derivative of functions w(t), z(t) on [, ], respectively.
which implies that the operator T is equicontinuous on [, ]. Hence, by the Arzelà-Ascoli theorem, the operator T : C → C is completely continuous.
Remark  The absolute value of L  (or L  ) has the following upper-bound estimation: 
Theorem 
By Lemma , the operator T is completely continuous, and by equation (), we have
Therefore, by Theorem , the operator T has at least one fixed point, which implies that the boundary value problem () has at least one solution.
Theorem  Let f : [, ] × X → X be a jointly continuous function satisfying the Lipschitz condition
Then the boundary value problem () has a unique solution provided < , where
and ≤ μ < .
Proof First of all, we verify that T maps a bounded ball into itself. 
